The momentum spectrum and the number density of created electron-positron pairs in a frequency modulated laser field are investigated using quantum kinetic equation. It is found that the momentum spectrum presents obvious interference pattern. This is an imprint of the frequency modulated field on the momentum spectrum, because the momentum peaks correspond to the pair production process by absorbing different frequency component photons. Moreover, the interference effect can also be understood qualitatively by analyzing turning point structures. The study of the pair number density shows that the number density is very sensitive to modulation parameters and can be enhanced by over two orders of magnitude for certain modulation parameters, which may provide a new way to increase the number of created electron-positron pairs in future experiments.
I. INTRODUCTION
Since Dirac predicted the existence of positron [1] , Sauter found that the vacuum could be broken into electron-positron pairs in a very strong static electric field [2] , and then Schwinger pointed out that to produce observable pairs the field strength should reach the critical field strength E cr ≈ 10 18 V/m by calculating the pair creation rate in a constant field with proper time method [3] . In order to figure out how to convert energy into mass in a vacuum, many methods have been proposed [4, 5] , such as world-line instanton [6, 7] , computation quantum field theory [8] [9] [10] [11] , Wentzel-KramersBrillouin (WKB) approximation [12, 13] , and quantum kinetic method [14] [15] [16] [17] [18] [19] .
However, the current laser intensity ∼ 10 22 W/cm 2 is still much smaller than the laser intensity corresponding to the critical field strength ∼ 10 29 W/cm 2 . Therefore, it is impossible to produce observable electronpositron pairs experimentally only by the Schwinger tunneling mechanism. Moreover, another mechanism which is called multiphoton pair production can also break the vacuum into electron-positron pairs by absorbing several high-energy photons [20, 21] . Unfortunately, current laser facilities cannot provide high enough energetic photons for creating observable pairs from vacuum as well. To overcome this limitation, several catalytic mechanisms are put forward to create observable electronposition pairs in subcritical conditions. For example, the dynamically assisted Schwinger mechanism [17, 22, 23 can significantly enhance pair production by effectively combining the above two pair creation mechanisms. Another way to enhance the number of created pairs is the use of frequency chirped fields [24] [25] [26] [27] . It shows that the number density of created particles can be improved several orders of magnitude for suitable chirp parameters. However, it should be noted that in previous works the chirp parameter is not limited. Thus the pair creation can be greatly enhanced by absorbing photons with extremely high frequency component of the chirped field. Moreover, the momentum distribution of created particles is very sensitive to the chirp parameter, so one can only give a qualitative understanding of the momentum spectrum instead of a quantitative one.
In this paper, we study the details about electronpositron pair creation in a sinusoidal frequency modulated electric field by solving quantum Vlasov equation (QVE) numerically. This type of field can also be seen as a sinusoidal frequency chirped electric field. By giving a relatively reasonable restriction on modulation parameters, it is found that the number density of created pairs can still be enhanced by over two orders of magnitude for certain modulation parameters. Moreover, the interference pattern on the momentum spectrum is an imprint of the information carried by the modulated field and can be quantitatively understood by bridging momentum peaks and the frequency spectrum of the frequency modulated field. And a qualitative understanding of the interference effect is also given by analyzing turning point structures. In addition, the momentum and the number of created pairs can be artificially controlled by adjusting the modulation parameters of the frequency modulated electric field. By the way, this frequency modulated field may be also a good choice to check if Dirac vacuum can transmit the information carried by this field [28] . This paper is organized as follows: In Sec. II we briefly introduce the method of QVE which permits us to calculate the momentum distribution and the number density of created particles. In Sec. III, we study the relation between the momentum peak and the laser frequency component of the frequency modulated field, and reanalyze the momentum spectrum within a semiclassical method. Moreover, we consider the number density of created particles for different modulation parameters. Section IV is a summary about this work.
II. THE QUANTUM VLASOV EQUATION AND THE EXTERNAL FIELD
The background laser field we used is a spatially homogeneous but time-dependent electric field E(t) = (0, 0, E(t)), and the corresponding vector potential is A(t) = (0, 0, A(t)) with E(t) = −Ȧ(t). Starting from the Dirac equation in the above field, one can derive the quantum Vlasov equation satisfied by the one-particle momentum distribution function f (p, t) by a canonical time-dependent Bogoliubov transformation:
where −e and m denotes the electron charge and mass, respectively. p = (p ⊥ , p ) is the canonical momentum, and ε
is the square of total energy, and k (t) = p − eA(t) is the kinetic momentum along the direction of the electric field E(t). In this paper, the natural unit = c = 1 is used. Also note that the one-particle distribution function f (p, t) is only a description of the generated real particles at t → +∞ where the external electric field is zero. Thus, we are just interested in the distribution function f (p, ∞) and the particle number density n(∞).
To solve Eq. (1) numerically, one can introduce two auxiliary variables u(p, t) =
(1) can be equivalently transformed into the following first-order ordinary differential equations:
where
Finally, the single particle distribution function f (p, t) can be obtained by solving Eqs. (2) with the initial con- 
where the factor 2 comes from the degeneracy of electrons. In this paper, the configuration of the frequency modulated electric field is
where E 0 , ω and τ are the strength, the frequency and the pulse duration of the electric field, respectively, ω m is called modulated frequency and b is a parameter which measures the degree of modulation.
To help explain the following numerical results, we depict some typical frequency spectrum of the field (4) in Fig. 1 . In Fig. 1 (a) , the modulation parameters are ω m = 0.07m and b = 1, and some frequency components are labeled as ω 0 ∼ ω 4 . If we chose ω m = 0.1m, then the frequency components which are larger than the original frequency are ω 5 = 0.6m, ω 6 = 0.7m, ω 7 = 0.8m and ω 8 = 0.9m. For a large degree of modulation, the frequency spectrum is shown in Fig. 1 (b) , where the modulation parameters are ω m = 0.01m and b = 9.52. One can see that the original frequency are not the main frequency any more. 
III. NUMERICAL SIMULATIONS
A. Momentum spectrum Generally, there are two different mechanisms that can induce electron-positron pair creation from vacuum. One is the Schwinger effect (tunneling mechanism) and the other one is the multiphoton absorption. These two mechanisms can be well distinguished by the adiabaticity parameter γ = mω/|e|E 0 [29] . For the former one γ ≪ 1 and for the latter one γ ≫ 1. While in this paper we are focused on the interesting intermediate regime γ ∼ O(1). For instance, the adiabaticity parameter γ = 5 for the modulated field with E 0 = 0.1E cr and ω = 0.5m. Figure 2 shows the momentum spectrum of created particles in frequency modulated fields with different modulation parameters. It can be seen that the momentum spectra in the modulated field have obvious interference pattern. To understand this interference effect, we show the peak positions of the momentum spectra labeled as 1, 2, ..., and 19 on Fig. 2 in Tab. I. According to the definition of total energy of a created electron, the total energy of created electron-positron pairs is
2ω 2 is called effective mass [30] . So the total energy E 1 , E 2 , ..., and E 19 which correspond to the momentum peak p 1 , p 2 , ..., and p 19 can be calculated by the above equation. For example, in Fig. 2 (a), we can obtain the total energy E 1 = 2.02 and E 2 = 2.49 according to Eq. (5). Furthermore, we find that E 1 ≈ 4ω 0 and E 2 ≈ 5ω 0 , so according to the energy conservation the created particles with momentum p 1 and p 2 correspond to four-and five-photon absorption process, respectively. And the number of created particles by four-photon absorption is much greater than that by five-photon absorption.
For Figs. 2 (b) and (c), the modulation frequency ω m is 0.07m and 0.1m, respectively. Due to the fact that E 3 , E 9 ≈ 2.02 ≈ 4ω 0 and E 8 , E 14 ≈ 2.50 = 5ω 0 , the created pairs with momentum p 3 and p 9 correspond to four-photon absorption and the created particles with momentum p 8 and p 14 correspond to five-photon absorption process. In addition to these momentum peaks corresponding to four-and five-photon absorption, one can also see that there are other momentum peaks in Figs. 2 (b) and (c). For Fig. 2 (b) where the modulation frequency ω m = 0.07m, the total energy of created pairs E 4 ∼ E 7 corresponding to momentum peaks p 4 ∼ p 7 are 2.07, 2.14, 2.21 and 2.28, respectively. Based on energy conservation, these momentum peaks are still caused by four-photon absorption process, because E 4 ≈ 3ω 0 + ω 1 , E 5 ≈ 3ω 0 + ω 2 , E 6 ≈ 3ω 0 + ω 3 and E 7 ≈ 3ω 0 + ω 4 . By the way, since the original frequency dominates the frequency components of the modulated electric field, a large number of photons with frequency ω 0 is absorbed in pair creation. Similar to the above discussions, for Fig. 2 (c) with the modulation frequency ω m = 0.1m, the total energy of created pairs E 10 ∼ E 13 corresponding to momentum peaks p 10 ∼ p 13 are 2.10, 2.20, 2.29 and 2.41, and E 10 ≈ 3ω 0 + ω 5 , E 11 ≈ 3ω 0 + ω 6 , E 12 ≈ 3ω 0 + ω 7 , E 13 ≈ 3ω 0 + ω 8 . So these momentum peaks also correspond to four-photon absorption process. Moreover, the total energy E 15 corresponding to the momentum peak p 15 is 2.61. This peak is caused by a five-photon absorption process, because E 15 ≈ 4ω 0 + ω 6 .
For the momentum spectrum of created pairs in a modulated field with a large degree of modulation b, see Figs. 2 (d), (e) and (f), the momentum peaks can also be determined by the frequency spectrum of the modulated field. For instance, according to Eq. (5) Fig. 6 (a) , Fig. 1 (b) and Fig. 6 (b) ), and 0.52 is the frequency component corresponding to the third highest peak in Fig. 6 (b) . Thus the momentum peaks p 16 , p 17 , p 18 and p 19 also correspond to four-photon absorption process. Moreover, we are surprised to find that the number of created pairs for p 18 is larger than that for p 19 , though the momentum peak p 19 corresponds to the pair production by absorbing four photons with the dominant frequency component of the modulated electric field. This phenomenon can also be seen in Figs. 2 (b) and (c), where the highest momentum peak does not always correspond to the pair creation by absorbing four original frequency photons, though the original frequency dominates the frequency components. This finding will be explained in subsection III C.
Based on the analysis of these momentum peaks, we have a clear physical picture about how the interference effects came about. On one hand, we can use a frequency modulated laser beam to create electron-positron pairs with a predictable and particular momentum by suitable modulation parameters. On the other hand, the frequency components of a frequency modulated field can be well achieved by analyzing the momentum peaks, because the interference pattern is an direct imprint of the frequency modulated field on momentum spectra.
B. Semiclassical analysis by turning-point structures
The interference effects of momentum spectra and the number density of created electron-positron pairs can also be understood by phase-integral method, specifically, by analyzing the turning-point structure [31, 32] . The pair creation from vacuum in a spatially homogeneous and time-dependent modulated electric field is similar to the one-dimensional over-the-barrier scattering problem in quantum mechanics, and the momentum distribution function of created pairs can be obtained by 2.0x10 -6 3.0x10 p1  p2  p3  p4  p5  p6  p7  p8  p9  p10  p11  p12  p13  p14  p15  p16  p17  p18 the reflection coefficient.
with
where t p and t p ′ represent different turning points which are the solutions of equation Ω(p, t) = 0. It is not hard to see that K p p and θ (p,p ′ ) p determine the created pair's number and the degree of interference, respectively. To be specific, the particle number is dominated by the turning points which are nearest to the real time axis, while the degree of interference depends on the pair number of these turning points that are nearest to the real time axis. Therefore, the distribution of turning points on the complex time axis can be used to analyze the information of momentum spectra qualitatively, especially some specific momentum peaks.
When the electric field is modulated, the analytic expression for turning points can not be derived, so we give the distribution of these turning points by solving equation Ω(p, t) = 0 numerically. For the frequency modulated electric field with different modulation parameters, the turning points are depicted in Fig. 3 . From Fig. 3 (a) to Fig. 3 (f) , the distribution of turning points correspond to the momentum value p 1 , p 5 , p 11 , p 16 , p 17 and p 18 , respectively. For the first row of Fig. 3 , the modulation frequency ω m is 0, 0.07m and 0.1m from left to right, respectively. It can be seen that as the modulation frequency increases the periodicity of these turning points becomes shorter and shorter, and there will be more pair number of turning points close to the real time axis. Thus, the interference effect of the momentum spectrum becomes more and more obvious, see the first row of Fig. 2 . Furthermore, due to the fact that the turning points in Fig. 3 (c) are closer to the real axis than that in Fig. 3 (a) , the magnitude of momentum peak p 11 in Fig. 2 (c) is smaller than that of p 1 in Fig. 2 (a) . Of course, the magnitude of other momentum peaks can also be qualitatively analyzed by comparing the distance of turning points to the real time axis. For Fig. 3 (d) ∼ (f) with the modulation frequency ω m = 0.01m, 0.01m and 0.009m, respectively, one can see that the period of turning points is not obvious, because the period of turning points depends on the modulation frequency and the modulation frequency in Fig. 3 (d) ∼ (f) are much less than that in Figs. 3 (b) and (c) . Comparing the pair number of turning points nearest the real time axis between Fig. 3 (e) , (f) and Fig. 3 (a) , we can also find that the inference effect is more obvious for the former two figures than the latter one. Additionally, since the turning points in Fig. 3 (e) are farther from the real axis than that in Fig. 3 (d) , the magnitude of momentum peaks in Fig. 2 (d) where b = 1.52 is significantly larger than that in Fig. 2 (e) where b = 9.52. And we will elaborate further on the specific reasons that affect the number of created particles in the next subsection.
C. Pair number density
In this subsection, we study the number density of the created electron-positron pairs in frequency modulated electric fields. To keep the modulation within a reasonable range, we rewrite the modulated field (4) as
is a time-dependent effective frequency, and set | 
To help study the effect of modulation parameters on the number density of created electron-positron pairs, we draw several typical curves (the red dashed, black dashdot and blue dotted lines) according to Eq. (8) on Fig.  4 , where shows the pair number density created in the frequency modulated electric field with different modulation parameters. Figures 4 (a) and (b) correspond to the laser frequency ω = 0.5m and 0.7m, respectively. And in both of them the degree of modulation b varies from 0 to 10, and the modulation frequency ω m varies from 0 to 0.1m in order to ensure ω m ≪ ω. According to the red dashed line, i.e., α = 0.1, for any frequency modulated electric field with modulation parameters below the parameters of red dashed line, the maximum value of the effective frequency of the modulated electric field is no more than ω + 0.1ω, which has the same order of magnitude as the laser frequency ω without modulation. Due to the same reason, for the black dash-dot line where α = 0.32 in Fig. 4 (a) and α = 0.5 in Fig. 4 (b) , we can see that the number density of created particles divided by the black dash-dot line have an obvious change. It has the same change for the blue dotted line where α = 1.0.
From Fig. 4 , one can see that the number density of created pairs in several different areas which are separated by the typical lines has obvious minimum and maximum values. The minimum values are marked by white points A, C, E, G, I, K and the maximum values are marked with black points B, D, F , H, J, L. The modulation parameters (ω m , b) and the number density of created pairs corresponding to each minimum and maximum values are shown in Tab. II. The result in the case of without frequency modulation, i.e., ω m = b = 0, is also given.
For Fig. 4 (a) where the laser frequency ω = 0.5m, when the laser frequency is not modulated, the number density of created particles is 1.04 × 10 −7 . While for 0 ≤ α ≤ 0.1, the range of modulation parameters (ω m , b) is below the red dashed line, and the minimum and maximum values of the pair number density in this region are A : 1.04 × 10 −7 and B : 2.00 × 10 −6 , respectively. It is found that the number density of created pairs corresponding to point B is 20 times greater than that without frequency modulation. For 0.1 ≤ α ≤ 0.32, the range of modulation parameters is between the black dash-dot line and the red dashed line, and the minimum and maximum values of the particle number density in this region are C : 7.63 × 10 −9 and D : 6.1 × 10 −7 , respectively. Although the maximum value of the number density corresponding to point D is larger than that without frequency modulation, it is smaller than that corresponding to point B where the modulation parameters belong to 0 ≤ α ≤ 0.1. Moreover, the number density of created particles corresponding to point C is even smaller than that without frequency modulation. This amazing result is caused by the same reason as the phenomenon occurring in Fig. 2 , where the highest momentum peak does not always correspond to pair creation by absorbing the photons with dominant frequency component. To explain this result, we give the number density of created pairs varying with the field frequency, see Fig. 5 . It can be seen that the pair number density is very sensitive to the field frequency. For example, the number density of created pairs by absorbing four photons with ω = 0.512m is at least an order of magnitude greater than the one by absorbing four photons with ω = 0.5m. By analyzing the frequency spectra of the frequency modulated field at point B (upper panel) and point C (lower panel) shown in Fig. 6 , we find that the dominant frequency components at point B and C are 0.512m and 0.578m, which correspond to a peak and a valley of the particle number density shown in Fig. 5, respectively . Therefore, the pair number density at point B is larger than the one without frequency modulation (ω = 0.5m), while the number density at point C is smaller than the latter one. A similar result can also be found by comparing the values of momentum peaks in Figs. 2 (d), (a) and (f). Moreover, we know that the momentum peak p 18 in Fig. 2 (f) is formed by absorbing three photons with ω = 0.578 and one photon with ω = 0.52, and the number density for ω = 0.52 is much larger than that for ω = 0.578, so the value of momentum peak p 18 is higher than that of peak p 19 , though the peak p 19 is formed by absorbing four photons with dominant frequency component. This analysis can also be used to understand momentum spectra in Figs. 2 (b) and (c), where highest peaks are not formed by absorbing four photons with dominant frequency component. By the way, when the modulation frequency at point C changes from 0.01m to 0.009m, one can see that the number density is also increased, see Fig. 4 (a) , because the dominant frequency moves from 0.578m to 0.585m see Fig. 1 (b) .
In the range of 0.32 ≤ α ≤ 1.0, the minimum and maximum values of the number density of created pairs are E : 9.89 × 10 −9 and F : 2.03 × 10 −5 , respectively. It can be seen that the number density at point F is 200 times greater than that without frequency modulation (N = 1.04 × 10 −7 ). It is noticeable that the value of α is 0.38 at point F , which the effective frequency belongs to a reasonable area. Since the maximum effective modulation frequency should not be larger than the original laser frequency, the modulation parameters in the range of α ≥ 1.0 have no actual meanings and are not discussed any more, although the number density of created particles is enhanced significantly in this region. Similar to Fig. 4 (a) , the maximum value of the number density of created particles in Fig. 4 (b) is L : 3.50 × 10 −4 , which is also 200 times greater than the number density without frequency modulation (N = 1.74 × 10 −6 ). In this case, the value of α is 0.576 at point L and the effective frequency is still in a relatively reasonable area.
Based on the above discussion, we find that the number density of created pairs is not always enhanced by a frequency modulated field, but for certain modulation parameters it indeed can be increased significantly. Therefore, according to our theoretical analysis the particle number density may be enhanced by over two orders modulation of a laser beam experimentally. It should be noted that the reason why the enhancement effect of pair production for the frequency modulated field here is much weaker than that for a linear chirped field is because the largest effective frequency of the frequency modulated field is restricted to less than two times the original frequency.
IV. CONCLUSION AND DISCUSSION
In summary, we investigate the momentum spectrum and number density of created electron-positron pairs in frequency modulated electric field. For the momentum spectrum, it is found that there are obvious interference patterns on it. This interference effect can be well explained by analyzing the frequency spectra of the frequency modulated field. It finds that different momentum peaks correspond to the pair creation process by absorbing different frequency photons, because the frequency of photons for a frequency modulated field is not single. Moreover, we also provide another point of view to understand this interference effect by analyzing turning point structures. For the number density of created pairs, it is found that the number density of created pairs can be enhanced or weakened by the frequency modulated field, but for certain modulation parameters it can be improved by over two orders of magnitude. This result may provide a way to increase the number of created electron-positron pairs experimentally.
It is well known that this type of modulated laser field we considered is usually used to transmit information in communication system. In this paper, we find that the information carried by this field can also leave an imprint on the momentum spectrum of created pairs. Therefore, to some extent, we may obtain the information by analyzing the momentum spectrum. Furthermore, based on the recent work [28] , where the electric field with temporally modulated amplitude can be manipulated in a controlled way to transmit information from a sender to a receiver by a new transport medium for information "Dirac vacuum", so it will be an interesting topic to check if the information carried by the frequency modulated electric field can be transmitted by the Dirac vacuum as well.
